Numerical modeling on transient electromagnetic responses of a 3-D electric dipole source on 2-D earth model is an important basic work in computation geophysics. In electromagnetic method of the geophysical exploration, when the dipole-dipole array is used, and response on the polarizable earth surface is studied in time domain, it is called time spectral resistivity method (TSR). In this paper, 2.5-dimensional numerical algorithm for TSR is established, whose characters are as following: (1) A 2-D finite element method is adopted in which two diagonal lines are increased in each rectangular net to form triangular networks. Unknown variable at central node of the rectangular net is eliminated by the Gauss elimination. So complex 2-D geoelectric section can be modeled more exactly but computation quantity is much less than that in rectangular network. (2) A new algorithm of computing secondary field directly is founded, which only needs computing two components of electric and magnetic primary field. Not only the computation accuracy is high, but also the computation time is not increasing much. (3) The new G-S inverse Laplace transform method based on the delay theorem of Laplace transform is used for the rapid calculation of the transient electromagnetic response with dense samples. (4) The algorithm can be used for computing the transient electromagnetic response on the conductive and polarizable earth.
Introduction
Numerical modeling on transient electromagnetic responses of a 3-D electric dipole source on 2-D earth model, which is called 2.5-D numerical modeling, is a not yet resolved properly knotty problem in the computation geophysics. Since 80s last century, considerable advances have been made in the 2.5-D numerical modeling of transient electromagnetic field [1] [2] . On the concrete algorithms, there may be two kinds of way to solve the problem. One is to implement calculations for the total field and another is for the secondary field [3] . It is the key to improve computation speed and accuracy. In this paper, 2.5-dimensional numerical algorithm for time spectral resistivity (TSR) method is established. TSR method is a new branch of the electrical prospecting method. It uses the same array as the spectral induced polarization (SIP) method or complex resistivity (CR) method in frequency domain, to observe the transient step-off responses of the electric field component in time domain, and studies the characteristic of the electric field when the electromagnetic (EM) and induced polarization (IP) effects exist simultaneously. This paper deals with its 2-D forward modeling algorithm. Basic procedures are: (1) carry out the Laplace transform and the Fourier transform to the partial differential equations of E and H vectors in the 3-D spatial field, converting the problem into 2-D partial differential equations for scalar E and H; (2) turn 2-D boundary-value problems into 2-D problem of calculus of variations, and use finite element technique to seek for numerical solution; and (3) take the inverse Fourier transform and the inverse Laplace transform to obtain transient responses of the electric field.
Solution of the Partial Differential Equations of Electromagnetic Field
In a homogeneous and isotropic 3-D media, the electromagnetic fields of the electric dipole source satisfy Maxwell equations:
and the fields at the boundary Γ satisfy:
where σ , ε and µ are electrical conductivity, permittivity and magnetic permeability, respectively; − → n is the normal vector to the boundary Γ ; − → E and − → H are the electric and magnetic vectors, where the superscript (1) and (2) represent two kinds of media; − → J is electric density vector of the source, which is described in the Cartesian coordinate system:
where δ(x) , δ(y) and δ(z) is the Dirac function , by which the source is expressed; − → P e is the electric dipole moment; and u(t) is the field source in the time-domain, defined as
The definite solution problem of the equations (1)∼ (4) is a four-dimension vector problem, three-dimension spatial (x, y, z) and one-dimension time (t), and the computation quantity of its numerical solution is vast. Thus, decreasing its number of dimension is necessary. Equations (1)∼(4) are first implemented Laplace transform with respect to time (t), which turns the definite solution into three-dimension problem when the Laplace variable (s) is given. Then, making Fourier transform in the invariant conductivity (ε, σ and µ) direction (y-direction is defined as conductivity invariant with z vertically downwards), change the equations into two-dimension definite solution problem when given the spatial wave-number (m). After Fourier transform, the corresponding electric filed and magnetic field are denoted using their small letters, and the subscript x, y and z denote the three directions' components. Making use of vector operation rules, let u = i e y , v = h y (7) and
The following partial differential equations of variable u and v may be educed, which is only related to the y-direction's electric filed and magnetic field in the (s, m) domain.
where e x , e y , e z , h x , h y , h z and j x , j y , j z denote the corresponding direction components of the electric filed, magnetic field and electric density of the source in the Cartesian coordinate system; i is imaginary number unit.
The corresponding boundary condition of the u and v satisfy
2 )
where n and τ are respectively the normal and tangent direction to the boundary Γ, and the superscript (1) and (2) represent both sides' parameters of the boundary. Therefore, the former calculation problem comes down to seeking the numerical solution of y-component of the electric field and magnetic field in the (s, m) domain. After u and v are worked out, the other electric field and magnetic field components in the (s, m) domain may be computed in virtue of the following expressions:
Given the values of the s and m, the definite solution of the equations (9)∼(12) is a two-dimension scalar problem, which is a large simplification of the equations (1)∼(4). The concrete procedures is summed up as follow: (1) Given two sets of optimized values of {s i , i = 1, 2, . . . , ks} and {m j , j = 1, 2, . . . , km}, figure out the numerical solutions of u and v, and then e x , e z , h x and h z with respect to all combination of s i and m j in the (s, m) domain. (2) Implement the inverse Laplace transform to e x , e z , h x and h z of the (s, m) domain to obtain the transient electromagnetic responses of the corresponding components in the wavenumber (m) domain. (3) Make the inverse Fourier transform with respect to the electromagnetic components of various times in the wavenumber domain to work out the transient electromagnetic responses of the three-dimension spatial domain.
Finite Element Algorithm of Electromagnetic Components in (m, s) Domain
The finite element algorithm is used in the numerical solution of the equations (9)∼(12). Based on the boundary condition expression of (11) and (12), the out-boundary G of the finite-element mesh satisfy the third fixed boundary-value condition
where the coefficients η u and η v may be approximately acquired from the primary field on the homogeneous half space:
It is proved that the equivalent functional extreme expression of the partial differential equations (9), (10) and its boundary-value condition (17), (18) is
where
; Ω denotes the region of the finite element mesh and G is its out-boundary. When the electric dipole source is at the x-direction, on the main section vertical to the 2-D geo-electrical structure, the electric density components satisfy j y = j z = j n = j τ = 0. Thus, the functional extreme expression above is simplified as:
The functional extreme-value expression is converted to the P -step linear equation system of discretization, P = 2 × M × N , in which M and N are respectively the numbers of nodes in x and z directions.
[A]{X } = {S }
where [A] represents the coefficients of the P × P stiffness matrix; {X } is the P -step column vector of the unknown value, the electromagnetic component u and v at the vertices of the triangular mesh in the solution region; and the right-hand side {S } denotes the P -step column vector of the source. Considering the central node of rectangular mesh is only related to the quadrangular nodes, use the Gauss elimination method to convert the equation system, so that the unknowns u and v at the central node of the rectangle grid are not included in the linear equation system (23), the step-number of which is reduced about a half. Therefore, the whole computation quantity is decreased one eighth. Stiffness matrix [A] is sparse, symmetric and positive definite. We use the modified Cholesky decomposition method to solve the linear equation system (23), which is efficient and stable.
The Secondary Field Algorithm
To solve the linear equation system (23) is to obtain the total field (x )(u, v) in the (m, s) domain, which is a sum of the primary field (x 1 ) and the secondary field (x 2 ). Imitating expression (23), the following equation is satisfied for the primary model with the same source as in (23) [
where [A 1 ] is stiffness matrix corresponding to (23) in the condition of the homogeneous earth; {X 1 } is the column vector of the primary field; and the right-hand side {S 1 } is the same column vector as (23). Combination of (23) and (24) yields
{X 1 } is column vector of the primary field and {X 2 } = {X } − {X 1 } is column vector of the secondary. The expression (25) is the linear equation system to compute the secondary field. Its right-hand side {S 2 } is obtained by (26). After the secondary field x 2 (u 2 , v 2 ) in the (m, s) domain is computed by (25), the other secondary field components may be obtained by expressions (27) and (28) below.
where the superscript 1 and 2 represent respectively the primary field and the secondary field; the conductivity difference ∆σ = σ − σ 1 ; and the permeability difference ∆µ = µ − µ 1 .
In the numerical computation of the 2-dimensional algorithm for TSR method, we adopt the algorithm of which the secondary field is directly computed according to the expressions described above. Compared with the algorithm of computing directly the total field, the secondary-field algorithm may achieve higher accuracy. But then, the primary field within non-uniformity body must be computed, which brings on much computation cost. Owing to only two electromagnetic components (u 1 and v 1 ) being computed, the total computation time is still saved largely, in comparison with the total-field algorithm, in which six electromagnetic components are computed.
Computation of the Transient Electromagnetic Response
After the electromagnetic components in the (s, m) domain are figured out for two sets of optimized values of {s i , i = 1, 2, . . . , ks} and {m j , j = 1, 2, . . . , km}, the transient electromagnetic responses of the three-dimension spatial domain may be obtained by implementing the inverse Laplace transform and the inverse Fourier transform respectively.
The numerical calculation method of inverse Laplace transform is diversiform. We adopt a kind of improved Gaver-Stehfest algorithm with 12 coefficients to implement the inverse Laplace transform, in which it makes use of the delay theorem of the Laplace transformation to calculate the interpolation at the intervals of the multiplying time [4] .
The calculating accuracy and costing time are directly connected with choice of wavenumbers, which is decided by the characteristics of the field in wavenumber domain. We continue to use the same choice method [5] to implement the inverse Fourier transform and gain the transient response of the secondary electric field E 2x (x, y, 0, t) at the specified spatial place.
The primary electric field E 1x on the main section is easy to figure out, whereupon the total electric field E x may be gained E
where the coordinate of y and z(0, 0) is omitted. E c x (x, t) is the total field response when the step-current is up, namely, electric field of charge. The electric field of discharge is given by the expression (30) when the practical square-current is off.
where T is the duration of pulse. When T → ∞, the ideal down-step response may be gained.
Calculation of the Induced Polarization Effect
The discussion above is in the condition of the non-polarizable medium. TSR method studies the characteristic of the electric field when the EM and IP effects exist simultaneously. Considering of the IP effect, the resistivities of various media (ρ j = 1/σ j , j = 1, 2, . . . , n) are expressed according to the Cole-Cole model [6] in the s domain:
where m j , τ j and c j are respectively chargeability, time constant and frequency dependence coefficient of the medium j.
Computation Results and Conclusions
In order to check up the algorithm's validity, we apply it to compute the three-layer models (H-type section and K-type section) and compare with the analytical solution on the layered earth, Relative errors are less than 3%. In addition, we implement computation for a 2-D vertical plate without polarization or with polarization, and comparison with the integral-equation solution. All results show the algorithm in this paper is valid.
Main characteristics of the algorithm established in this paper are as following:
(1) Rearrange the EM field equations from six to two to yield coupled equations with parameter variable wavenumber and simplify the components from six to two along-strike fields in the Fourier transform domain, in which only two components of electric and magnetic primary field are needed computing when the secondary field algorithm is directly used. (2) A 2-D finite element method is adopted in which two diagonal lines are increased in each rectangular net to form the triangular networks. The unknown variable at the central node of the rectangular net has been eliminated by the Gauss elimination. So the complex 2-D geoelectric section can be modeling more exactly but the computation quantity is much less than that in rectangular network. (3) The new G-S inverse Laplace transform method based on the delay theorem of Laplace transform is used for the rapid calculation of the transient electromagnetic response with dense samples. (4) The algorithm can be used for computing the transient electromagnetic response on the conductive and polarizable earth, i.e. the electromagnetic and induced polarization modeling can be realized simultaneously using the algorithm.
